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a b s t r a c t
In this work, we will establish new results on the boundedness, existence and uniqueness
of the solutions to a class of doubly perturbed neutral stochastic functional equations with
Markovian switching and Poisson jumps.Most of the existing results use a singly perturbed
model and a global Lipschitz condition, but in this work the doubly perturbed model has
been studied and the coefficients of equations are non-Lipschitz. So some known results
have been improved and generalized.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Chaumont [1] and Norris [2] have introduced the doubly perturbed Brownian motion
Xt = Bt + α max
0≤s≤t
Xs + β min
0≤s≤t Xs (1.1)
which is a limit process from a weak polymers model and the details are in the references. Because of importance, many
experts have devoted most of their investigation to this topic and lots of results have been obtained [3–8].
Following them, under the global Lipschitz condition on the coefficients, Doney and Zhang [9] have a tried to study the
singly perturbed stochastic differential equation as follows:
Xt = X0 +
∫ t
0
b(s, Xs)ds+
∫ t
0
σ(s, Xs)dB(s)+ α max
0≤s≤t
Xs (1.2)
and the existence and uniqueness have been obtained; also Luo [10] has given further research on this topic.
To the best of our knowledge, results on doubly perturbed nonlinear stochastic functional equations are very few, and the
Lipschitz condition is very difficult to satisfy. In recent years, the Poisson jumps andMarkovian switching have become very
popular, because they are extensively used to model many of the phenomena arising in areas such as economics, finance,
physics, biology, medicine and other sciences. In this work, motivated by the previously mentioned problems, we make the
first attempt to study the following equation to fill the gap:
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Xt − G(Xt , r(t)) = X0 − G(X0, r0)+
∫ t
0
f (s, r(s), Xs)ds+
∫ t
0
g(s, r(s), Xs)dB(s)
+
∫ t
0
∫ +∞
−τ
h(Xs−, u)v˜(ds, du)+ a max
0≤s≤t
Xs + b min
0≤s≤t Xs (1.3)
and the coefficients of this equation are non-Lipschitz.
This work is organized as follows. In Section 2, we present some basic preliminaries and the form of doubly perturbed
neutral diffusion processes with Markovian switching and Poisson jumps. In Section 3, the boundedness, existence and
uniqueness of the solutions to the doubly perturbed diffusion processes and the proofs have been given. In Section 4, some
known results are generalized in the remarks.
2. Preliminaries and doubly perturbed diffusion processes
Let {Ω,F , {F }t≥0, P} be a complete probability spacewith a filtration satisfying the usual conditions, i.e., the filtration is
continuous on the right andF0 contains all P-zero sets. B(t) is a standard Brownianmotion defined on the probability space.
Let C([−τ , 0]; R) denote the family of functions ϕ from [−τ , 0] to R that are right-continuous and have limits on the left.
C([−τ , 0]; R) is equipped with the norm ‖ϕ‖ = sup−τ≤s≤0 |ϕ(s)|. Denote by CbF0([−τ , 0]; R) the family of all bounded, F0
measurable, C([−τ , 0]; R)-valued randomvariables. Let p > 0, t ≥ 0, LpFt ([−τ , 0]; R) denote the family of allFt measurable,
C([−τ , 0]; R)-valued random variables ϕ = {ϕ(θ) : −τ ≤ θ ≤ 0}, and sup−τ≤θ≤0 E|ϕ(θ)|p <∞.
Let {r(t), t ∈ R+ = [0,+∞)} be a right-continuous Markov chain on the probability space {Ω,F , {F }t≥0, P} taking
values in a finite state space S = {1, 2, . . . ,N}with generator Γ = (γij)N×N given by
P(r(t +∆) = j|r(t) = i) =
{
γij∆+ o(∆), if i 6= j
1+ γii∆+ o(∆), if i = j
where∆ > 0. Here γij ≥ 0 is the rate of transition from i to j if i 6= j. while
γii = −
∑
j6=i
γij.
We assume that the Markov chain r(·) is independent of the Brownian motion B(·). It is known that almost every sample
path of r(t) is a right-continuous step function with a finite number of simple jumps in any finite sub-interval of R+.
Let {v˜(dt, du), t ∈ R+, u ∈ R} be the compensated Poisson randommeasure given by v˜(dt, du) = v(dt, du)− pi(du)dt ,
where pi(du) is the Levy measure associated with v and for integrability which satisfies
∫ +∞
−τ (1 ∧ u2)pi(du) <∞, and also
assume that
∫ +∞
−τ upi(du) <∞.
Consider the following doubly perturbed neutral stochastic functional equations with Markovian switching and Poisson
jumps:
Xt − G(Xt , r(t)) = X0 − G(X0, r0)+
∫ t
0
f (s, r(s), Xs)ds+
∫ t
0
g(s, r(s), Xs)dB(s)
+
∫ t
0
∫ +∞
−τ
h(Xs−, u)v˜(ds, du)+ a max
0≤s≤t
Xs + b min
0≤s≤t Xs (2.1)
with the initial condition X0 = φ(t) ∈ C([−τ , 0]; R+), where a < 1, b < 1 are constants, and |G(x, i)− G(y, i)| ≤ Ki|x− y|
for all x, y ∈ R, where Ki, i ∈ S, are constants and let K = maxi∈S Ki.
Assume that
G : R× S → R, f : R+ × S × R→ R, g : R+ × S × R→ R, h : R× R→ R,
and G(·, i) = 0, i ∈ S.
In order to obtain the main result, we shall impose the following hypotheses:
(H1) There exists a function A : R+ × S × R+ → R+ such that
E|f (t, i, Xt)|2 + E|g(t, i, Xt)|2 + E
∫ +∞
−τ
|h(Xs−, u)|2pi(du) ≤ A(t, i, E(max
0≤s≤t
|Xs|2))
for all t ≥ 0, where A(t, i, u) is locally integrable in t for each fixed u > 0 and is continuous nondecreasing in u for
each fixed t ≥ 0, and for any constant C the differential equation
ut = u0 +
∫ t
0
CA(s, r(s), us)ds
has a global solution.
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(H2) There exists a function B : R+ × S × R+ → R+ such that
E|f (t, i, Xt)− f (t, j, Yt)|2 + E|g(t, i, Xt)− g(t, j, Yt)|2 + E
∫ +∞
−τ
|h(Xs−, u)− h(Ys−, u)|2pi(du)
≤ B(t, i, E(max
0≤s≤t
|Xs − Ys|2))
for all t ≥ 0, where B(t, i, u) is locally integrable in t for each fixed u > 0 and is continuous nondecreasing in u for
each fixed t ≥ 0 and for any constant C , if a non-negative function Yt satisfies the following inequality:
Yt ≤
∫ t
0
CB(s, r(s), Ys)ds,
for all t ≥ 0, then Yt ≡ 0.
(H3)
|a| + |b| + K < 1
where a, b appeared in (2.1) and K = maxi∈S Ki.
3. Existence and uniqueness
Now we present the main results of this work.
Theorem 3.1. Assume that the random variable X0 is independent of B(t), t ≥ 0, and E(|X0|2) < ∞, (H1)–(H3) hold. There
exists a unique Ft-adapted solution Xt , t ≥ 0, to Eq. (2.1) such that E(max0≤s≤T |Xs|2) <∞ for all T > 0.
Proof. We construct the solution; let
X0t =
X0
1− a− b , 0 ≤ t ≤ ∞.
For each integer n > 0, we define Xnt as follows:
Xn+1t − G(Xn+1t , rn+1t ) = X0 − G(X0, r0)+
∫ t
0
f (s, rns , X
n
s )ds+
∫ t
0
g(s, rns , X
n
s )dB(s)
+
∫ t
0
∫ +∞
−τ
h(Xns−, u)v˜(ds, du)+ a max0≤s≤t X
n+1
s + b min0≤s≤t X
n+1
s (3.1)
In order to get the conclusion, we give three steps as follows:
First step: Let us show that {Xn+1t , t ≥ 0} is bounded. For any s ≥ 0, we have
|Xn+1s | = |X0| + |G(Xn+1s , rn+1s )| +
∣∣∣∣∫ s
0
f (σ , rnσ , X
n
σ )dσ
∣∣∣∣+ ∣∣∣∣∫ s
0
g(σ , rnσ , X
n
σ )dB(σ )
∣∣∣∣
+
∣∣∣∣∫ s
0
∫ +∞
−τ
h(Xnσ−, u)v˜(dσ , du)
∣∣∣∣+ |a| max0≤σ≤s |Xn+1σ | + |b| min0≤σ≤s |Xn+1σ |
≤ |X0| + K |Xn+1s | +
∣∣∣∣∫ s
0
f (σ , rnσ , X
n
σ )dσ
∣∣∣∣+ ∣∣∣∣∫ s
0
g(σ , rnσ , X
n
σ )dB(σ )
∣∣∣∣
+
∣∣∣∣∫ s
0
∫ +∞
−τ
h(Xnσ−, u)v˜(dσ , du)
∣∣∣∣+ (|a| + |b|) max0≤σ≤s |Xn+1σ |. (3.2)
Taking the maximal value on both sides of (3.2), by Hölder’s inequality, the Burkhölder inequality and (H1), we use C to
denote a generic constant which may change from line to line in the rest of the work and get
E(max
0≤s≤t
|Xn+1s |2) ≤ C
(
1
1− K − |a| − |b|
)2 [
E|X0|2 +
∫ t
0
E|f (s, rns , Xns )|2ds+
∫ t
0
E|g(s, rns , Xns )|2ds
+
∫ t
0
E
(∫ +∞
−τ
|h(Xns−, u)|2pi(du)
)
ds
]
≤ CE|X0|2 + C
∫ t
0
[
E|f (s, rns , Xns )|2 + E|g(s, rns , Xns )|2 + E
(∫ +∞
−τ
|h(Xns−, u)|2pi(du)
)]
ds
≤ CE|X0|2 + C
∫ t
0
A(s, rns , E(max0≤σ≤s
|Xnσ |2))ds. (3.3)
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Owing to E(|X0|2) <∞, we obtain that
E(max
0≤s≤t
|Xn+1s |2) ≤ Yt ≤ YT <∞,
where n = 0, 1, 2, . . ., and Yt is a solution to the following equation:
Yt = Y0 + C
∫ t
0
A(s, r(s), Ys)ds,
and then the boundedness of {Xn+1t , t ≥ 0} has been proved.
Second step: Let us show that {Xn+1t , t ≥ 0} is Cauchy. For any s ≥ 0, n,m ≥ 0, we have
|Xn+1s − Xm+1s | = |G(Xn+1s , rn+1s )− G(Xm+1s , rm+1s )| +
∣∣∣∣∫ s
0
f (σ , rnσ , X
n
σ )dσ −
∫ s
0
f (σ , rmσ , X
m
σ )dσ
∣∣∣∣
+
∣∣∣∣∫ s
0
g(σ , rnσ , X
n
σ )dB(σ )−
∫ s
0
g(σ , rmσ , X
m
σ )dB(σ )
∣∣∣∣
+
∣∣∣∣∫ s
0
∫ +∞
−τ
h(Xnσ−, u)v˜(dσ , du)−
∫ s
0
∫ +∞
−τ
h(Xmσ−, u)v˜(dσ , du)
∣∣∣∣
+ |a‖ max
0≤σ≤s
Xn+1σ − max0≤σ≤s X
m+1
σ | + |b‖ min0≤σ≤s X
n+1
σ − min0≤σ≤s X
m+1
σ |
≤ K |Xn+1s − Xm+1s | +
∫ s
0
|f (σ , rnσ , Xnσ )− f (σ , rmσ , Xmσ )|dσ
+
∣∣∣∣∫ s
0
[g(σ , rnσ , Xnσ )− g(σ , rmσ , Xmσ )]dB(σ )
∣∣∣∣+ ∣∣∣∣∫ s
0
∫ +∞
−τ
[h(Xnσ−, u)− h(Xmσ−, u)]v˜(dσ , du)
∣∣∣∣
+ (|a| + |b|) max
0≤σ≤s
|Xn+1σ − Xm+1σ |. (3.4)
Taking the maximal value on both sides of (3.4), by Hölder’s inequality, the Burkhölder inequality and (H2), we can get
E(max
0≤s≤t
|Xn+1s − Xm+1s |2) ≤ C
(
1
1− K − |a| − |b|
)2 [∫ t
0
E|f (s, rns , Xns )− f (s, rms , Xms )|2ds
+
∫ t
0
E|g(s, rns , Xns )− g(s, rms , Xms )|2ds
+
∫ t
0
E
(∫ +∞
−τ
|h(Xns−, u)− h(Xms−, u)|2pi(du)
)
ds
]
≤ C
∫ t
0
[
E|f (s, rns , Xns )− f (s, rms , Xms )|2 + E|g(s, rns , Xns )− g(s, rms , Xms )|2
+ E
(∫ +∞
−τ
|h(Xns−, u)− h(Xms−, u)|2pi(du)
)]
ds
≤ C
∫ t
0
B(s, rns , E(max0≤σ≤s
|Xnσ − Xmσ |2))ds. (3.5)
Let
Zt := lim sup
n,m→∞
E(max
0≤s≤t
|Xns − Xms |2).
By (3.5) and the Fatou lemma, we can get
Zt = lim sup
n,m→∞
E(max
0≤s≤t
|Xns − Xms |2)
≤ lim sup
n,m→∞
C
∫ t
0
B(s, rns , E(max0≤σ≤s
|Xnσ − Xmσ |2))ds
≤ C
∫ t
0
B(s, rns , lim sup
n,m→∞
E(max
0≤σ≤s
|Xnσ − Xmσ |2))ds
≤ C
∫ t
0
B(s, r(s), Zs)ds.
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Owing to (H2), it is easy to get
lim sup
n,m→∞
E(max
0≤s≤t
|Xns − Xms |2) ≡ 0
and then {Xn+1t , t ≥ 0} is Cauchy.
Third step: Let us show that the solution to (2.1) is unique. Now suppose that Xt , t ≥ 0, and Yt , t ≥ 0, are two solutions
to Eq. (2.1); we have
|Xt − Yt | = |G(Xt , r(t))− G(Yt , r(t))| +
∣∣∣∣∫ t
0
f (s, r(s), Xs)ds−
∫ t
0
f (s, r(s), Ys)ds
∣∣∣∣
+
∣∣∣∣∫ t
0
g(s, r(s), Xs)dB(s)−
∫ t
0
g(s, r(s), Ys)dB(s)
∣∣∣∣
+
∣∣∣∣∫ t
0
∫ +∞
−τ
h(Xns , u)v˜(ds, du)−
∫ t
0
∫ +∞
−τ
h(Y ns , u)v˜(ds, du)
∣∣∣∣
+ |a‖ max
0≤s≤t
Xs − max
0≤s≤t
Ys| + |b‖ min
0≤s≤t Xs − min0≤s≤t Ys|
≤ K |Xt − Yt | +
∫ t
0
|f (s, r(s), Xs)− f (s, r(s), Ys)|ds
+
∣∣∣∣∫ t
0
[g(s, r(s), Xs)− g(s, r(s), Ys)]dB(s)
∣∣∣∣+ ∣∣∣∣∫ t
0
∫ +∞
−τ
[h(Xns , u)− h(Y ns , u)]v˜(ds, du)
∣∣∣∣
+ (|a| + |b|) max
0≤s≤t
|Xs − Ys|. (3.6)
Taking the maximal value on both sides of (3.6), by Hölder’s inequality, the Burkhölder inequality and (H2), we can get
E(max
0≤s≤t
|Xs − Ys|2) ≤ C
(
1
1− K − |a| − |b|
)2 [∫ t
0
E|f (s, r(s), Xs)− f (s, r(s), Ys)|2ds
+
∫ t
0
E|g(s, r(s), Xs)− g(s, r(s), Ys)|2ds
+
∫ t
0
E
(∫ +∞
−τ
|h(Xns , u)− h(Y ns , u)|2pi(du)
)
ds
]
≤ C
∫ t
0
[
E|f (s, r(s), Xs)− f (s, r(s), Ys)|2 + E|g(s, r(s), Xs)− g(s, r(s), Ys)|2
+ E
(∫ +∞
−τ
|h(Xns , u)− h(Y ns , u)|2pi(du)
)]
ds
≤ C
∫ t
0
B(s, r(s), E(max
0≤s≤t
|Xs − Ys|2))ds. (3.7)
By (H2), it is deduced that E(max0≤s≤t |Xs−Ys|2) ≡ 0; then the solution of Eq. (2.1) is unique, and the proof is completed. 
4. Remarks and an example
Remark 4.1. When G ≡ 0, r ≡ 0 and h ≡ 0, b ≡ 0, Eq. (2.1) reduces to
Xt = X0 +
∫ t
0
b(s, Xs)ds+
∫ t
0
σ(s, Xs)dB(s)+ α max
0≤s≤t
Xs (4.1)
which was recently studied in Doney and Zhang [9], that is to say, theorem 2.1 of [9] has been generalized.
Remark 4.2. The coefficients of Eq. (4.1) in [9] must satisfy the global Lipschitz condition, but we can obtain the existence
and uniqueness of the solution to Eq. (2.1) under a non-Lipschitz condition, whichmakes it more feasible that the conditions
of solution can be satisfied.
Example 4.1. Consider the following doubly perturbed diffusion processes:
Xt = X0 +
∫ t
0
αXsds+
∫ t
0
βXsdB(s)+ a max
0≤s≤t
Xs + b min
0≤s≤t Xs, (4.2)
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with the initial condition X0 ≡ c ≥ 0 (constant), where a, b, α, β are constants and |a| + |b| < 1. In order to get a unique
Ft-adapted solution Xt , t ≥ 0, to Eq. (4.2) by Theorem 3.1, let B(t, i, u) = φ(t, i)ϕ(u) where ϕ : R+ → R+ is a continuous
nondecreasing function such that ϕ(0) = 0 and ∫0+ 1ϕ(u)du = +∞, φ(t, i) is locally integrable for any i ∈ S. Here we present
an example of such a function, ϕ. Define
ϕ(u) =
{
u log(u−1), 0 ≤ u ≤ ε
ε log(ε−1)+ ϕ′(ε−)(u− ε), u > ε
where ε > 0 is sufficiently small.
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